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1
Hecke $L$- [1, 4, 5]
$\Gamma$ $SL_{2}(Z)$ $H=\{z\in C|$ Imz $>0\}$
$f(z)$ $H$ $\Gamma$ $k\in Z$ $f(z)$
$f(\gamma z)=(cz+d)^{k}f(z) , \gamma=(_{cd}^{ab})\in\Gamma$ (1)
( $\gamma z=(az+b)/(cz+d)$ $\Gamma$ $H$ 1
$)$ , (\S 2 $(\ddot{u})$ ) $H$
:
$\int_{\iota\infty}^{0}f(z)z^{s-1}dz=-\Gamma(s)L(f,s)$ . (2)
$f(z)$ $f(z)$ Mellin
$\Gamma(s)=\int_{0}^{+\infty}e^{-t}t^{s-1}dt$ $f(z)$ Hecke L-
( $L$- ) $L(f,s)$ $:=(-2\pi i)^{-s}\Sigma_{m=1}^{\infty}c_{m}m^{-s},$ $({\rm Re} s\gg 0)$ $c_{m}$
Fourier $f(z)= \sum_{m>0}c_{m}q^{m},$ $(q=e^{2\pi iz})$ $m$ $L$-
$(-2\pi i)^{-s}$ ( $z$ $\pi/2\leq\arg z<3\pi/2$
) – ( Manin ) $i\infty$
(2) $f(z)$
$s$ $L(f,s)$
$\Gamma=\Gamma_{0}(N)=\{(_{cd}^{ab})\in SL_{2}(Z)|c\equiv 0$ (mod $N)\}$ (Hecke ) (2)
$L(f,s)$ (2) $L(f,s)$
(2) $s=1,$ $\ldots,k-1$ $f(z)$
[8, 9, 7, 15] (Sato-Kuga
) [16]
2005 Manin (2) (\S 2 1 ) [10,
11], Dirichlet
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Dirichlet [1]
Choie-Ihara Hecke $L$- (\S 2 2) Manin
Hecke $L$- (\S 2 1 ). (
Hecke $L$- Manin Dirichlet
- [12]
$)$ . Mar l
$L$- ( 1 ).
(2)
1 Dirichlet
Manin
( Manin [6]
). Hecke L-
[4,5]
Zagier
\S 2 Manin Hecke L-
Ihara-Choie [1] \S 3 Manin
\S 4, 5
($=$ Hecke $L$- ) [4, 5]
Manin
2 $L$-
Manin -
Choie-Ihara $L$- [11 Manin
$L$-
$f$ : $Harrow C$ 2 :
(i) $f(z)$ $H$ 1 Fourier
$f(z)= \sum_{m=1}^{\infty}c_{m}q^{m} q=e^{2\pi iz}, z\in H.$
$c_{m}$ $marrow\infty$ : $c_{m}=O(m^{M}),$ $\exists M>0.$
$(\ddot{u})$ $\gamma=(_{cd}^{ab})\in SL_{2}(Z)$ $C>0$ $k$
$(f|_{k}\gamma)(z):=(cz+d)^{-k}f(\gamma z)=O(e^{2\pi iCz}) , zarrow i\infty.$
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$s_{k}(r)$ $\Gamma$ $k\in Z$
$\Gamma$
$(_{01}^{11})$ $f(z)\in s_{k}(r)$ 2
$c_{m}=O(m^{k/2})$
(i) (ii) (1)
1(Manin [10, 11]) $f_{1},$ $\ldots,f_{n}$ (ii) $H$
$s_{1},$ $\ldots,s_{n}$ $a,z\in\overline{H}:=HUP^{1}(Q)$ $a$ $z$
$I_{a}^{z}(_{f^{1/\cdots/}f_{n}^{n}}^{s_{1\prime\cdots\prime}s});= \int_{a}^{z}f_{1}(z_{1})z_{1}^{s_{1}-1}dz_{1}\int_{a}^{z_{1}}f_{2}(z_{2})z_{2}^{s_{2}-1}dz_{2}\cdots\int_{a}^{z_{n-1}}f_{n}(z_{n})z_{n}^{s_{n}-1}dz_{n}.$
$a$ $z$ $a,z\in P^{1}(Q)$ (ii)
$f_{r}(z_{r})z_{r}^{s_{r}-1}$ $z_{r}$
$H$ $a$ $z$
$z\in H$ $(s_{1}, \ldots,s_{n})\in C^{n}$
$n=1,$ $a,z\in P^{1}(Q),$ $f_{(}z)$ $k$ $s_{1}=1,$ $\ldots,k-1$
Kuga-Sato [15].
$f_{r}$ 2 Ichikawa [3] motivic
2([12, 1]) $f_{1},\ldots,f_{n}$ (i) $H$
Fourier $f_{r}(z)=\Sigma_{m=1}^{\infty}c_{m}^{(r)}q^{m}(1\leq r\leq n)$
$s\in C$ $\alpha_{r}\geq 1$ Hecke $L$- :
$L(f^{s’\alpha_{2,/}\alpha}1/f^{2\prime.\cdot.\cdot.\cdot\prime}f_{n}^{n})=L(s):=(-2 \pi i)^{-(s+\alpha_{2}+\cdots+\alpha_{n})}\sum_{m_{1}>\cdots>m_{n}>0}\frac{c_{m_{1}-m_{2}}^{(1)}\cdots.c_{m_{n}-m_{n+1}}^{(.n)}}{m_{1}^{s}m_{2^{2}}^{\alpha}\cdot m_{n}^{\alpha_{n}}}.$
$(m_{n+1};=0)$
$f_{r}$ (i) $M>0$ $|c_{m_{1}-m_{2}}^{(1)}\cdots c_{m_{n}-m_{n+1}}^{(n)}|=$
$O(m_{1}^{M})$ $L(s)$ ${\rm Re}(s)>M+1$
[1] $\alpha_{2},$ $\ldots,\alpha_{n}$ $L(s)$
- [12] $\alpha_{2},$ $\ldots,\alpha_{n}$
$C^{n}$
(2) Manin [11] \S 3
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1([1]) $\alpha_{r}\geq 1$
$I_{i\infty}^{0}(^{\alpha.\cdot.\cdot.\alpha})f_{1}^{1},.\cdot,f_{n}$
$j_{1}=j_{n+1}:=0(2\leq\forall r\leq n)$
$L(_{f^{1/\cdots/},f_{n}^{n}}^{\alpha_{1}\ldots\alpha})= \frac{1}{\Gamma(\alpha_{1\prime\cdots\prime}\alpha_{n})}$ $\sum$ $\prod^{n}(-1)^{j_{l}}(^{\alpha_{l}-1})I^{0}(f_{1,../}^{1}\prime)$
$0\leq j_{r}<\alpha_{r}l=2$
$(2\leq\forall r\leq n)$
$j_{1}=j_{n+1};=0$
$\Gamma^{(\alpha_{1\prime\cdots\prime}\alpha_{n})}=(-1)^{n}\Gamma(\alpha_{1})\cdots\Gamma(\alpha_{n})$
$\alpha_{1}$ $s$
[1]
3
Manin [11] \S 5
\S 5 Drinfel’d [2] $KZ$
$A_{V}:=(A_{v}|v\in V)$ $V$ $\omega_{V}:=$
$(\omega_{v}|v\in V)$ $f_{v}(z)$ $s_{v}$
$\omega_{v}:=f_{v}(z)z^{s_{v}-1}dz$ 1- $A_{V}$
$C\langle\langle A_{V}\rangle\rangle$ $C\langle\langle A_{V}\rangle\rangle$
$\Delta$ : $C\langle\langle A_{V}\rangle\ranglearrow$
$C\langle\langle A_{V}\rangle\rangle\otimes C\langle\langle A_{V}\rangle\rangle$ $\Delta(A_{v})=1\otimes A_{v}+A_{U}\otimes 1,$ $(v\in V)$
$a,z\in\overline{H}$ $1_{a}^{z}$
$f_{a}^{z}=1+ \sum^{\infty}$
$\sum_{n=1(v_{1\prime}\ldots,v_{n})\in V^{n}}I_{a}^{z}(\omega_{v_{1"}}\ldots\omega_{v_{n}})A_{v_{1}}\cdots A_{v_{n}}\in C\langle\langle A_{V}\rangle\rangle$
$I_{a}^{z}(\omega_{v_{1"}}\ldots\omega_{v_{n}})=az\omega_{v_{1}}(z_{1})az_{1}\omega_{v_{2}}(z_{2})\cdots az_{n-1}\omega_{v_{n}}(z_{n})$ .
[11] 1.2 1.4.1
: $1_{b}^{z}=I_{a}^{z}1_{b}^{a}$ $J_{a}^{z}$ $\Delta(J_{a}^{z})=J_{a}^{z}\otimes J_{a}^{z}$
$C\langle\langle A_{V}\rangle\rangle$ 1 $J$
$1_{a}^{z}$ $a$ $z$ $(1_{a} :\overline{H}arrow C\langle\langle A_{V}\rangle\rangle, z\mapsto 1_{a}^{z})$
1 :
$\frac{d}{dz}J_{a}^{z}=(\sum_{v\in V}f_{v}(z)z^{s_{v}-1}A_{v})J_{a}^{z}.$
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1- $C\langle\langle A_{V}\rangle\rangle$ -
$\omega_{V}$ $H$
$\gamma$ $\omega_{V}$ $\gamma^{*}$ $\omega_{V}$
$A_{V}$ $\gamma^{*}$
$\gamma$ :
$(\gamma^{*}\omega_{v}, A_{u})=(\omega_{v}, \gamma_{*}A_{u}) , u, v\in V$ (3)
$($ -, – $)$ $(\omega_{v},A_{u})$ $:=\delta_{u,v}$ (Kronecker )
$\gamma_{*}$ $C\langle\langle A_{V}\rangle\rangle$
([11] (1.10) ):
$J_{\gamma a}^{\gamma z}=\gamma_{*}(J_{a}^{z})$ .
4
$\Gamma$ $SL_{2}(Z)$ $k$ $S_{k}(\Gamma)_{Q}$ Fourier
$Q$- $S_{k}(\Gamma)_{Q}\otimes_{Q}C=S_{k}(r)$
$N$ Hecke $\Gamma=\Gamma_{0}(N)$ $k$
$n\geq 1$ $Q$- $\mathcal{P}_{n}(S_{k}(\Gamma))$
$s_{k}(r)$ $n$ (
):
$\mathcal{P}_{n}=\mathcal{P}_{n}(S_{k}(\Gamma));=\langle I(_{f^{1/.\cdot.\cdot./}f_{n}^{n}}^{\alpha_{1,\prime}\alpha})|1\leq\forall\alpha_{r}\leq k-1, \forall f_{r}\in S_{k}(\Gamma)_{Q}\rangle_{Q}$. (4)
$n$ $I(_{f^{1\prime.\cdot..\cdot\prime}f_{n}^{n}}^{\alpha_{1,/}\alpha})$ $:=I_{i\infty}^{0}(_{f^{1/.\cdot../}f_{n}}^{\alpha_{1,/}\alpha_{n}})$ $Q$-
$\alpha_{r}$ $f_{r}(r=1, \ldots, n)$ $S_{k}(\Gamma)_{Q}$ $S_{k}(\Gamma)_{Q}$
$Q$- $\mathcal{B}$ $d$ $:=|\mathcal{B}|=\dim S_{k}(\Gamma)_{Q}$
$\mathcal{P}_{n}(S_{k}(\Gamma))=\langle I(_{f^{1\prime.\cdot.\cdot.\prime}f_{n}^{n}}^{\alpha_{1,/}\alpha})|1\leq\forall\alpha_{r}\leq k-1, \forall f_{r}\in \mathcal{B}\rangle_{Q}$. (5)
$\mathcal{P}_{n}$ $(d(k-1))^{n}$
$\mathcal{P}(S_{k}(r))$
$\mathcal{P}=\mathcal{P}(S_{k}(\Gamma)):=\bigoplus_{n\geq 0}\mathcal{P}_{n}(S_{k}(r))$
$($ $\mathcal{P}_{0}(S_{k}(\Gamma)):=Q)S_{k}(\Gamma)$ (
$\mathcal{P}$ )
C (
$Q$- )
1 $\mathcal{P}=\mathcal{P}(S_{k}(\Gamma))$ $Q$-
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:$I(_{f_{1}^{1\prime},f_{n}^{n}}^{\alpha\ldots\alpha})I(_{f_{n}}\alpha_{n},.\alpha f_{n}^{n}f_{\sigma(1)}-1,/f_{\sigma^{-1}(n’)}n$
$Sh_{n,n’}$ $n+n’$ $S_{n+n’}$ :
$Sh_{n,n’}=\{\sigma\in S_{n+n’}|\sigma(1)<\cdots<\sigma(n), \sigma(n+1)<\cdots<\sigma(n+n’)\}.$
$\mathcal{P}$
$I(_{f^{1’},f_{n}^{n}}^{\alpha_{1\prime}..\cdot.\alpha}1,)$
$\mathcal{P}_{n}$
$\mathcal{P}$
5 $\mathcal{P}(S_{2}(\Gamma_{0}(N)))$ ( )
2 $S_{2}(\Gamma_{0}(N))$ $\mathcal{P}(S_{2}(\Gamma_{0}(N)))$
$N$
$\mathcal{P}_{n}(S_{2}(\Gamma_{0}(N))):=\langle I(_{f^{1,\prime}\cdot f_{n}^{1}}1/\cdot\cdot.\cdot./)|\forall f_{r}\in S_{2}(\Gamma_{0}(N))_{Q}\rangle_{Q}$
$I(_{f_{1/\cdots/}f_{n}}1,1)= \int_{i\infty}^{0}f_{1}(z)dz\int_{i\infty}^{z}\cdots\int_{i\infty}^{z}f_{n}(z)dz=(-1)^{n}L(_{f_{1\prime\cdots\prime}f_{n}}1,1)$
$N$ $S_{2}(\Gamma_{0}(N))$ –
$I(_{f^{1,\prime}\cdot f_{n}^{1}}1, \cdot\cdot..,)$ $Q$-
$\mathcal{P}_{n}(S_{2}(\Gamma_{0}(N)))$
$\mathcal{P}$
[5]
1. $S_{2}(\Gamma_{0}(N))_{Q}$ $\langle h_{j}\rangle_{j=1}^{d}$ Fricke $w_{N}=(\begin{array}{l}0-1N0\end{array})$
Fourier Sage
Notebook v4.6 [14] $h_{j}=\Sigma c_{m}^{(j)}q^{m}$
2. $c= \frac{i}{\sqrt{N}}$ Fricke
$I_{i\infty}^{c}( j_{1,\ldots/}j_{n}) :=\int_{i\infty}^{c}h_{j_{1}}(z)dz\int_{t\infty}^{z}\cdots t\infty z_{h_{j_{n}}(z)dz}$
$h_{j}=\Sigma c_{m}^{(;)}q^{m}$
$c$ ($0$ )
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3. $I(j_{1},\ldots,j_{n})$ $:= \int_{i\infty}^{0}h_{j_{1}}(z)dz\int_{i\infty}^{z}\cdots\int_{i\infty}^{z}h_{j_{n}}(z)dz$ $I_{i^{C}\infty}(j_{1}, \ldots,j_{n})$
\S 3
$1=1_{i\infty}^{0}=1_{\mathcal{C}}^{0}1_{i\infty}^{c}=J_{w_{N^{\mathcal{C}}}^{N}}^{wi\infty}1_{i^{\mathcal{C}}\infty}=(w_{N*}J_{c}^{i\infty})J_{i^{C}\infty}=w_{N*}(J_{i\infty}^{c})^{-1}1_{i\infty}^{c}$
$h_{j}$ $w_{N*}$
$I(j_{1,\ldots/}j_{n})$ $I_{i\infty}^{C}(j_{1,\ldots/}j_{n})$
$I_{i\infty}^{c}(j_{1,\ldots/}j_{n})$ $I(j_{1,\ldots/}i_{n})$
(2 3 Mathematica[18] )
4. $I(j_{1,\ldots/}j_{n})$ $Q$ (
PARI/$GP$ [13] ”lindep’/ ), $\mathcal{P}_{n}(S_{2}(\Gamma_{0}(N)))$
$\dim S_{2}(\Gamma_{0}(N))=2$ $N$
8 $N=22,28,37,23,26,29,31,51$ $d_{n}:=\dim \mathcal{P}_{n}(S_{2}(\Gamma_{0}(N)))$
Table: $\mathcal{P}_{n}(S_{2}(\Gamma_{0}(N)))$
1 $n$ ( ), 2 $(d(k-1))^{n},$ $3$ 4
5 $N=22,28,37,$ $N=23,26,29,31,$ $N=50$
$d_{n}$ (1), (2), (3) 2 ’$F$- ’
Fricke 2 $S_{2}(\Gamma_{0}(N))$
3
Fricke
(2), (3)
$(S_{2}(\Gamma_{0}(50)))$ )
(3) 1:
$S_{2}(\Gamma_{0}(50)))_{Q}$ 2 Fricke
$h_{1},h_{2}$
$h_{1}(z)=q+q^{4}-q^{6}-2q^{9}-3q^{11}-2q^{14}+q^{16}+5q^{19}+2q^{21}-q^{24}+O(q^{25})$
$h_{2}(z)=q^{2}-q^{3}-2q^{7}+q^{8}-q^{12}+4q^{13}+3q^{17}-2q^{18}-3q^{22}-6q^{23}+O(q^{25})$
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Sage Notebook v4.6 [14] $CuspForms(50,2,prec=300).basis()$
$S_{2}(\Gamma_{0}(50)))$ Fourier $q^{300}$ ( )
(Sage Stein $[17]$ )
Fricke $h_{1},h_{2}$ ( $N=50$ Sage
).
2,3 3
350
$I(1)=-0.132S924S417579683316411100765511989180577178908661509\ldots\cross i$
$I(2)=-0.0193887521414436689480u58930388001424454769199229239\ldots\cross i$
$I(1,1)=-0.008830206175207205853964554734297037659555303220391\ldots$
$I(1,2)=-0.001288309718572624869024492557713405211655419039060\ldots$
$I(2,1)=-0.001288309718572624869024492557713405211655419039060\ldots$
$I(2,2)=-0.000187961854801168229206893169696798822032630053033\ldots$
$I(1,1,1)=0.000391156011469249027473431622572146415146415643726\cross i$
$I(1,1,2)=0.000051227976842672937916543669392916750657908309868\cross i$
$I(1,2,1)=0.000068750725203591946071366672606597261770179014200\cross j$
$I(1,2,2)=0.000009304082080740383669901142420296605123481059657\cross i$
$I(2,1,1)=0.000051227976842672937916543669392916750657908309868\cross i$
$I(2,1,2)=0.000006370553653336903571080927189982885915760387070\cross i$
$I(2,2,1)=0.000009304082080740383669901142420296605123481059657\cross i$
$I(2,2,2)=0.000001214781938261958157242824273867303351020636922\cross i$
4 PARI/$GP$ $Q$-
2 (2 ):
$I(1,2)=I(2,1) , I(1,1)-7I(1,2)+I(2,2)=70.$
3 (4 ):
$I(1,1,2)=I(2,1,1) , I(1,2,2)=I(2,2,1)$ ,
$3I(1,1,1)-14I(1,1,2)-7I(1,2,1)+2I(1,2,2)+I(2,1,2)=?0,$
$7I(1,1,1)-32I(1,1,2)-16I(1,2,1)+I(2,2,2)=?0$
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4 (10 ):
$I(1,1,2,1)=I(1,2,1,1)$ , $I(1,1,1,2)=I(2,1,1,1)$ ,
$I(1,1,2,2)=I(2,2,1,1)$ , $I(1,2,2,2)=I(2,2,2,1)$ ,
$I(1,2,1,2)=I(2,1,2,1)$ , $I(2,1,2,2)=I(2,2,1,2)$ ,
$-2I(1,1,2,2)+I(1,2,2,1)+I(2,1,1,2)=?0,$
$-6I(1,1,1,1)+21I(1,1,1,2)+21I(1,1,2,1)-4I(1,1,2,2)-2I(1,2,1,2)=?0,$
$14I(1,1,1,1)-48I(1,1,1,2)-48I(1,1,2,1)+I(1,2,2,2)+I(2,1,2,2)=?0,$
$-96I(1,1,1,1)+329I(1,1,1,2)+329I(1,1,2,1)-2I(2,2,2,2)=?0.$
? Fricke : $I(j_{1}, \ldots,j_{n})=$
$I(j_{n}, \ldots,j_{1})$ . 2
$i=1,2,3$
$D_{n}^{(i)}$
$D_{n}^{(1)}:= \frac{1}{2n}$
$\sum_{d|n,d:\circ dd}\mu(d)2^{n/d},$
$D^{(2)} \cdot=\frac{1-(-1)^{n}}{4n}\sum_{d|n}\mu(d)2^{n/d},$
$D_{n}^{(3)};=\{\begin{array}{ll}D_{n}^{(2)} n\neq 2,-1 n=2\end{array}$
$n$
$D_{n}^{(i)}$
Table: $D_{n}^{(i)}$ $g$
$\mathcal{P}=\mathcal{P}(S_{2}(\Gamma_{0}(N)))$ :
(i) (1) $\mathcal{P}$ $n$ $D_{n}^{(1)}$ ( )
( )
(ii) (2) $\mathcal{P}$ $n$ $D_{n}^{(2)}$
(iii) (3) $\mathcal{P}$ $n$ $D_{n}^{(2)}$
2 1
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$i=1,2,3$ $d_{n}^{(i)}:=\dim_{Q}\mathcal{P}_{n}$
:
$\prod_{n\geq 1}\frac{1}{(1-x^{n})^{D_{n}^{(i)}}}=\sum_{n\geq 0}d_{n}^{(i)}x^{n}.$
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